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Abstract— An approximate theory of solidification in a finite, initially overheated slab is developed for small

Stefan numbers. One wall of the slab is taken to be insulated and the other is subject to an instantaneous

temperature drop below the freezing point. Our approach combines the heat-balance integral method and the

time-dependent perturbation theory. The resulting solution is valid uniformly in time. It predicts

quantitatively the deviations of the process considered from solidification with no overheating. Simple

expressions for the solidification time are derived. The accuracy of the present model is examined by
comparing it with various asymptotic solutions.

1. INTRODUCTION

PHASE-CHANGE heat transfer arises in many problems of
applied science. These problems are highly nonlinear
due to the motion of the change-of-phase front. Exact
solutions are known only for some few cases. The most
notable among them is that of Neumann (given in ref.
[1]) describing a semi-infinite one-dimensional slab,
initially at a uniform temperature. Solidification
(melting) of this system occurs due to a sudden
temperature drop (increase) at its wall, which is kept at
this temperature later on. Systems with more
complicated geometry, boundary and initial conditions
are treated by numerical and approximate analytic
methods [2-19].

One such problem is the one-dimensional solidifi-
cation in a slab of a finite thickness, one end of which is
insulated, whereas the other one is subject to an
instantaneous temperature drop below the freezing
point. When the slab is initially at the freezing point, its
solidification is described exactly by the one-phase
Neumann solution. However, no exact solution is
known when initial overheating exists. Solomon [18,
19] suggested that this problem could be described by
the two-phase Neumann solution as long as the
temperature of the insulated end remains close to its
initial value. The duration of this initial stage is an order
of magnitude shorter than the characteristic heat
diffusion time in the liquid.

Cho and Sunderland [13] studied this problem using
the heat balance integral method [10-12]. The spatial
dependence of the solid temperature was assumed to be
the same as for the semi-infinite slab. This assumption
leads to the exact result for the one-phase case.
However, it restricts the interface position to be
proportional to the square-root of time. For the two-
phase case this restriction is incompatible with the heat
balance at the interface during the final stage of the
process, which begins when the thermal front in the
liquid reaches the insulated wall. Relaxing the interface
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heat balance condition, the authors obtained the
solidification rate, which is very close to that predicted
by the two-phase Neumann solution.

For the case of small Stefan numbers St,, St,, which
characterize the ratio of the sensible to latent heat in the
solid and liquid phases, this problem was reconsidered
by Weinbaum and Jiji [8]. They found asymptotic
perturbative solutions up to orders St, and St}/2 for the
initial and final stages, respectively. The lowest-order
term of both asymptotic expansions was shown to be
valid uniformly. Contrary to the results of Cho and
Sunderland, which are close to the two-phase
Neumann solution, the Weinbaum and Jiji model
predicts the final stage to be similar to the one-phase
case. This leads to a shorter freezing time. When
St, « St, the solution of Cho and Sunderland, which is
exact at the limit St, =0, is expected to be quite
accurate. The Weinbaum-Jiji solution, which involves
only lowest-order terms in St}/2, might lead to a
significant error in this case. Determination of the
higher-order terms, which would increase the accuracy,
becomes practically impossible due to the extreme
mathematical complexity of the equations used by
Weinbaum and Jiji. In the case St, ~ St,, ie. larger
overheating, the finite thickness of the slab causes a
significant deviation from the two-phase Neumann
solution. This case would be described by the
Weinbaum-Jiji solution more adequately than by that
of Cho and Sunderland.

In this paper an approximate theory of solidification
in a finite, initially overheated slab is developed for
small Stefan numbers. This theory treats both cases
St; « St, and St, ~ St in a unified way and describes
continuously the transition from the initial diffusion
dominated stage to the large-time one-phase regime.
Our model combines the heat balance integral method
with a time-dependent perturbation theory. Compared
with the approach of Cho and Sunderland, the present
analysis avoids the assumption of a square-root-type
time-dependence of the interface location. The heat
balance at the moving boundary is satisfied now during
the entire process. The governing equations of the
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NOMENCLATURE
A function, defined by equation (13) dy position of the change-of-phase front
¢ specific heat A, dimensionless position of the change-
d length of the slab of-phase front, 6,/d
E(z) exponential integral of index 2 A, dimensionless position of the thermal
F function defined by equation (36} front in liquid
F function defined by equation (42) 0, dimensionless liquid temperature,
f function defined by equation (17) (,—T)e/L
1 function defined by equation (33) 0, dimensionless solid temperature,
k thermal conductivity (T, — T)ey/L
L latent heat of fusion Ay constant defined by equation (20)
St Stefan number of the liquid, As constant defined by equation (21)
(T,—T))cy/L v ratio of the thermal diffusivities of
St Stefan number of the solid, solid and liquid, o/,
(T;—=T,)ed/L p density
T temperature T dimensionless time, tx,/d*
T; fusion temperature T dimensionless time by which the
T, initial temperature thermal front reaches the insulated
T, the front wall temperature wall
t time T* dimensionless solidification time
x distance & dimensionless distance, x/d.
u function defined by equation (30).
Greek symbols Subscripts
o thermal diffusivity 1 liquid
I'(a,z) incomplete gamma function S solid.

present model are less accurate than the exact partial
differential equations used by Weinbaum and Jiji.
Nonetheless, it becomes possible to go beyond the
lowest-order asymptotic expansions and to construct
the uniformly valid solution satisfying the heat balance
equations to higher orders than in the model of
Weinbaum and Jiji. In the case St; ~ St, our results
agree with those of Weinbaum and Jiji up to the order
St,, whereas in the case St; « St, our accuracy is higher.
These results also validate the applicability of the Cho—
Sunderland method for solidification with small initial
overheating.

2. FORMULATION OF THE PROBLEM

The system considered is a uniform liquid layer
initially at the temperature T; which is above the
freezing point T;. The thickness of the slab is d and its
back wall is insulated. At time ¢ = 0 the temperature of
the front wall drops to the value T(T, < T;) and
solidification begins. It is assumed that T, is constant
during the entire process. It is also assumed that the
thermophysical parameters of each phase are constant
and the densities of liquid and solid are equal. The
convection effects are neglected, and the heat transfer is
assumed to be one-dimensional.

The heat conduction equations for each phase are
given by

(0T,/01) = (9> T,/0x?),

(@T/o1) = 1@ T;/0x). )

The energy balance at the liquid—solid interface is

defined as
PL(d3,/d1) = kOT/3X) [smg,— k0 T/0X) esre ()

The other boundary and initial conditions can be stated
as

10,0 =T, T0,8)=Td.0) =T,
(0T/0x)|s=g = O, 3)
I{x,0y =T, 06:(0)=0. (4)
Introducing the dimensionless variables and

parameters listed in Nomenclature these equations can
be written as

(00/07) = W(320,/082), (30,/at) = (820,/082), (5)

(dA,/dt) = —(06)/08) 5=, + V(00,/3E) lg= 4, (6)
0,0,7) = —St, 04A,7) = 0A,7) =0,

(06y/0) le=1 = 0. 7

04&,0) = St,, A4(0)=0. ®)

Since equations (5)—(8) cannot be solved exactly
except for the case St, = 0, we develop the heat balance
formulation of this problem. Following Cho and
Sunderland we introduce a thermal penetration
thickness A,, assuming that no heat flow takes place at
Ez A,

Oleza, = St (08/6) |20, = 0. {9)
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It is also assumed that A,(0) = 0, so that the change-of-
phase front A; and the thermal front A, begin to
propagate simultaneously towards the insulated wall.
Integrating the heat conduction equations (5) one
obtains:

d (J 1 0, dé) /dr = v[(06,/0¢) |¢= a, —(00,/08) l¢= o],
0
(10)

Az
d(J 6, dé)/dr = St)(dA,/dt)—(06,/08) =4, (11)
Ay

We now assume that the spatial temperature
distribution in the liquid could be approximated by the
parabolic profile:

o — Su[1—(A,— XA, —A) ™2, A <E<A,
s, A, gEgt
(12)

Itsatisfies the boundary conditions (7) and (9). Similarly
the temperature in the solid phase is chosen as

0, = St,LA(A =) —(L+ A DAT XA, 9, (13)

where A(r) is some unknown function of time. The
temperature given by equation (13) satisfies the
boundary conditions (7). Substituting equations (12)
and (13)into (6), (10) and (11) one obtains the system of
coupled ordinary differential equations for the
functions A,(7), A(z) and A(7):

= — A7 —(6v)" ! [27*AXdA/dA,) + AA, —1]

x(dA,/d7), (14)
2(dA,/dr)+(dAy/dt) = 6(A,—Ay) ™Y, (15)
dA,/dt = —AvSt,—25t(A,— AL (16)

with the initial conditions A,(0) = A,(0) =0. The
initial value of A(r) is not defined due to the sudden
temperature drop at the front wall at ¢t = 0.

At 7 =7 the thermal penetration depth becomes
equal to the thickness of the slab, A,(7) = 1 and the next
stage of the process begins. For this stage the liquid
temperature is assumed to be

0 = St,f (1 —A) 2 [(1—A) —(1—-&)?],

Tt ™

amn

Here f is some unknown function of time, defining the
relaxation of the liquid temperature, and A; = A,(7).
From equations (17) and (12) it follows that f(7) = 1.
The temperature given by equation (17) satisfies the
boundary conditions (7). Thesolid temperature is taken
as before according to equation (13). Then equations
(6), (11), (13) and (17) lead to

dA,/dr = —vSt,A—2S6,f(1—A)(1—A,)"2,

W

(1-A)[/(dA,/dr) =371 (1 -A,) (df /d7)] =

2263

These equations along with (14) and initial conditions
f(©) =1, A7) = A, determine the freezing for 7 > 7.
The present heat balance integral formulation differs
from that of Cho and Sunderland by the choice of the
solid temperature. This way it is possible to satisfy the
heat balance at the moving change-of-phase front
uniformly in time.

3. SOLUTION

We now proceed with a solution of the differential
equations of the heat-balance integral method
formulated above. For the initial stage T < 7, which
resembles the Neumann problem, it is natural to
assume:

A=A/t T (20)

Eliminating the function 4 from equations (15) and (16)
by using (14) one obtains

Ay = A/, 1<,
where the constants 4, and 4, are determined by
—24v[ 23 —2vSt,+4StA (A, — A1) 7]
=4vSt A2+ 21 +456A3(A,—A) 7Y (22)

@1

QA+ A)(A,—Ay) =12, (23)
Using equations (16) and (14) one finds A(z):
A(®) = — 4, (vStA) T '[(A1/2) + Sty = 24) 7]
= —(1-A/12v)(1+2224)77, 1<% (24)

At the time 7 = i; %, the thermal front reaches the
insulated wall; the interface position is then A,
= A,/A4.

For St; « 1,8t, « 1,v ~ 1equations(22)and(23)can
be solved by successive approximations. The first three
iterations give

Ay > (2vSt )2 =372 4271 (2vSe) 12
x [(St2/3)—(vSt2/2)—vSt.St], (25)
Ay > (12012 =27 12vSt ) 2 +-S1/23)V2. (26)
Consequently one obtains
T > [1+(vSt,/6)'/2 —(vSt,/24)—(St,/6)]/12, (27)
A, ~ (v81,/6)'1* +(vSt,/12) —(St,/6)
—(4)”1(6vSt) T P[(Sef/3)
—(vSt2/2)+ (v2St2/6)~— 5vSt,St,/3], (28)
AA) = —AT (1-S8t/4), 0<T<T. (29

For 7 > 7, St; # 0 the assumption A, = /ll\/; is
invalid because it violates the heat balance at the
moving boundary, given by equation (18). In order to
describe the freezing process for © > 7 we develop a
perturbative solution of equations (14),(18) and (19) for
the case of small Stefan numbers. In this case the
interface motion is slow, and in the lowest approxi-
mation the solid temperature profile given by (13) is
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quasi-static, i.e. A ~ —A[ . Then equation (18) gives
A, ~ (2vSt,)'2. Introducing these results into (19)
gives

~ (ufu)® 35 exp (@ —u),
D174, u=30st(l —Al)]fl.
(30)

We now consider the solution of equation (14) up to
the orders (vSt,)*2, St,(vSt) /2, and St3(vSt)~ V2. Sucha
solution is found to be

AA) ~ —ATY(1-5t/4), T<t<7* (31

f(Ay)
u = 3[vSt1—A

in agreement with the value of 4 at T = 7, given by (29).
Introducing equations (30)-(31) into (18) and
integrating one has

T—T & (St) " HAT - AH (L + St/ + (A ), (32)
I(Ay) = (28t,/3vSt) (1 —A ) (1 —vSt,/3) !

_ 3
St./3 Hor— 3/vStg T l, —)
{(v t/3) e’ {l"(vsts + u/

3 1 -
—F( + 1,u>}+A, —(2v8t/3)
vSt,

—[A;—(Q2vSt/3)] " “ui~ 1)3/“‘?&}. (33)

The above expression can be substantially simplified
using the smallness of the parameter v St,. Applying the
Edgeworth asymptotic expansion of incomplete
gamma function I'(q, z) in terms of the error function
and its derivatives [20] and using the Stirling formula
one obtains

I(A) = (2St,/3vSt,) {(nvSts/6)”2[cxp (382/2v8t)]

x [ erf 3 A —erf 3 Zl~
vSt, 1—A, vSi, 1 —A,

+A, —A,Jexp (ﬂ—u)](ua'1)3/vs’5}. (34)

The interface position A,(tr) is obtained using
equations (32)—(34):

A (1) =~ (2v8t,7)1* —S1F(7)

—(2v8t1)' 28148, 2121, (39)

F(r) ~%(31) ' +(2/3/7 ){ Yn/3) 2 e

X [erf <—\£3j~> —erf (h‘i__)
1—./2vStc 1—./2vSt
+\/;—\/% exp [(3/vSt ( \/lm

i)

- +In
2vStT

-~/ 2vStT

(36)
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To the lowest order the function F is given by

Flz) ~ ¢ V2{37 123 1. (2/3)[27 Y(n/3)} /% e~

x (erf /3t —erf . /31)] + T

el(r' Ul

(37}

Setting A, = 1 in equation (32) and using (34) one
obtains the freezing time 7*:

% > (2vSty) ! +(1/8v) + St,(6vSt,) ”“’%6" L4 (2/3)
1

: -
[\/euugrfc(\/zvst IA‘A >+1 } (38)

or approximately

T* = (2vSt) " +0.65 Sty(vSt) V2 +(1/8v).

(39)

4. RESULTS AND DISCUSSION

In this section the main results of our analysis are
summarized and compared with the other solutions of
the problem considered.

Temperature profiles

The solid temperature 6, is determined by equations
(13),(29) and (31). In the first approximation our result
for 0, is identical to that of Weinbaum and Jiji as well as
to the lowest-order terms of the Neumann and Cho-
Sunderland solutions. The liquid temperature given by
equations (12), (17) and (30) has the same functional
form as the parabolic profile of Cho and Sunderland.
However, the functions A; and A, found by these
authors coincide with those obtained in the present
work only in the lowest order in the parameter (vSt,)!/2.

For the relaxation stage T < 1t < t* the thermal
gradients in the liquid phase are determined by the
temperature of the insulated wall St,f(w/u)®. This
temperature drops by an order of magnitude from its
initial value when the interface reaches the point
defined by the following equation:

(1—A) P —(1—-A) T+ (1 +vSt/3)
xIn[(1—A)/(1—

The lowest-order solution of this equation gives
A, = (2vSt7)'?. This means that the insulated wall
temperature drops by an order of magnitude at the time
which is equal to the characteristic heat diffusion time
intheliquid. The model of Weinbaum and Jijialso leads
to this result. However, the approximate solutions of
equation (40), which involve higher powers of the
parameters vSt, and St;, yield a shorter temperature
relaxation time. The time-dependence of the insulated
wall temperatures predicted by our model and by the
Weinbaum-Jiji solution are compared in Fig. 1 for the
case v =1, 8t, = St, = 0.1.

A)] = vSt. (40)

Interface motion

The instantaneous position of the interface A(z) is
determined by equations (20), (25) and (35)—~(37). Prior
to the moment t = 7 the finite size effects are negligible.
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F1G. 1. Temperature—time history of the insulated wail (v = 1,
St, = 0.1, §t, = 0.1).

The accuracy of our results for this stage can be
estimated by comparing (25) with the expansion of 4,
corresponding to the Neumann solution. The latter
expansion has the following form:

Ay = (vSt )2 —Stym~ 12 4 (2vSt) " 112
x [(St2/2m) — (2vSt,St,/m)—vSt2/3]. (41)

The leading terms in equations (25) and (41) are
identical. The first corrections proportional to St, are
practically the same. Their ratio is given by (n/3)!/2. The
higher-order terms are also sufficiently close to each
other.

For © > 7 the motion of the interface is given by
equations (35)—(37). The first term in equation (35)
corresponds to the quasi-static approximation. The
next term St,F describes the combined effects of finite
thickness and initial overheating, whereas the third
term gives the correction, which is independent of the
initial overheating.

In the case of a very small initial overheating
(v1/28t3/2 > St,), the second term in equation (35)can be
ignored. Then (35) gives A,(z) which is similar to that
predicted by the one-phase Neumann solution and by
the solution of Cho and Sunderland. The accuracy of
our result for this case can be estimated by comparing
the corrections to the leading term (2vSt,7)Y2.
According to (41), the correction corresponding to the
one-phase Neumann solution is (2vt)'/28t3/2/6,
whereas in our model the corresponding term is
(2vr)112813/2/8.

When the overheating is comparable to the drop of
the front wall temperature (St, ~ vSt), the motion of the
interface for 7 > 7 is significantly different from that
described by the two-phase Neumann solution. As
follows from equations (35)-(37), Ay(z) is no longer
proportional to the square-root of time. The function
F(7) grows only till the moment when the insulated wall
temperature drops by an order of magnitude from its
initial value. Later on F(r)decreases. If both vSt, and St,
are very small, the solidification time is much larger
than the temperature relaxation time. For this case the
process reaches the one-phase stage, during which
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St,F(7) < (2vr)'/25t3/2/8). When vSt, and St, are only
moderately small, the correction corresponding to both
the second and the third terms in (35) are of the same
order at T = t*.

The accuracy of our predictions for the function F
can be examined by comparing equations (36) and (37)
with the corresponding term of the Weinbaum-Jiji
solution. The latter term has the form F'St,, where F’
can be represented by

mn=—wmmﬁ+2i(—wmm%ﬂ,

n=1

1<% 0<T <1, (42a)

F(©) = =@ PF(@)— Y @n+1)"2

x {exp [—(2n+1)?a?7/4]}{z}/2 — 1172
x {exp [—(2n+ Dr*(z —7)/4]}
+x~12(2n+1)" {exp [(2n+ 1)*n2%/4]}

x [erf (2n+ n,/7/2)—exf (2n + V) /7/2)]}

x8n~ 2" Y T TN (42b)
Here E,(z) is the exponential integral of index 2 [20].
The term St F" is the only correction to the leading term
(2vSt,1)'/? accounted for in the Weinbaum-Jiji
solution. The function F(r) given by (37) and the
function F'(r) are shown in Fig. 2. Their numerical
values are practically the same. According to equation
(36) the higher-order corrections to the function F lead
to a sharper maximum, which is reached earlier than
that of functions F given by (37) and (42). The effect of
these corrections on the time-dependence of the F-
function is illustrated in Fig. 2. In Fig. 3 the
instantaneous location of the interface as a function of
time is presented for the case v = 1, St, = St, = 0.1. The
curve predicted by our solution is bounded from below
and above by the curves corresponding to the two-
phase and one-phase Neumann solutions, respectively.
Our solution starts as the two-phase Neumann
solution and tends to the one-phase solution in the
course of the process.

Solidification time

The solidification time is defined by equations (38)
and (39). They involve two corrections to the leading
term (2vSt,) " *. The first of them is independent of the
overheating level. The second one, which involves
St(vSt))~ /2, describes the effect of overheating. These
corrections are quite different from those occurring in
the two-phase Neumann solution. Consequently, our
model predicts a shorter freezing time than that for an
equivalent piece of a semi-infinite slab.

The comparison of various solutions is presented in
Fig. 4, which gives the solidification time for v = 1,
St; = 0.3 and St varying from 0 to 0.3. For St, = 0.3
the ratio of the difference between the solidification
times corresponding to the two-phase and one-phase
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T T T T T T ” T T ]
oe- Weinbaum - Jiji solution
—~ — Eq.(37)
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L« // / ~ \\\‘i*\\\\
s ot | G I
s / /i
o2H); e
4,/
II
0 ! ; ! . i . I
0 10 20 30 40

Dimensionless time T

F1G. 2. Time dependence of the F-functions.

Neumann solutions to their average is about 25%,. The
Cho-Sunderland solution with a parabolic 6, profile
gives 7* which is slightly larger than that predicted by
the two-phase Neumann solution. Another solution of
Cho and Sunderland, which assumes the trigonometric
profile for 8, gives t*, which is shorter than that
corresponding to the two-phase Neumann solution.
For small values of St, the Weinbaum-Jiji model yields
t*, which is shorter than that without initial
overheating. This deviation is about 9%, for St; = 0. In
the same case our solution involves an error which is
about 2%, The slopes of the lines corresponding to
equation (39) and the Weinbaum-Jiji solutions are
practically the same. A more accurate result
corresponds to (38). It predicts a slightly shorter
solidification time.

5. CONCLUDING REMARKS

In this paper an approximate theory of solidification
in a finite, initially overheated slab is presented for the
case of small Stefan numbers. The solidification process
is described as a transition from an initial two-phase

SR - I v

n

T

Full solidification

stage to the regime in which the temperature gradients
in the liquid are negligible. The combined effects of the
initial overheating and the finite thickness lead to a
deviation from the A; ~ 4,72 law, which charac-
terizes the interface motion in a semi-infinite system.
This deviation is not accounted for in the work of Cho
and Sunderland. According to our model the
solidification rate of the system is faster than that
corresponding to the semi-infinite slab with the same
initial overheating, but slower than in a slab without
overheating.

Our solution, which is valid uniformly in time, and
which gives A,(t) up to the orders v!/2St3/2 St,(vS1)!72
and St3(vSt,)~'/? predicts A, to be proportional to the
square-root of time only in the leading order (vSt,)'/%.
Upto the order St, our model gives practically the same
result for A,(t)as the solution of Weinbaum and Jiji. Yet
it shows that the higher-order terms are important at
the final stage of the process, when the temperature of
the liquid has already dropped by an order of
magnitude from its initial value. For vSt, ~ St, the
contribution of these terms to the total solidification
time is of the same order as of those accounted for by

¥ 1 L I A

o
@ —
T

Dimensionless interface position A,

4 . L . 1. .

One-phase Neumann solution
Two-phase Neumann solution 1

Present model

0 ! 2

3

Dimensioniess time T

FiG. 3. Position of the change-of-phase front as a function of time (v = 1, St; = 0.1, St, = 0.1).
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N I
o >
T T

I

n
o

Dimensionless Solidification Time T*

s 1
0.2

Liquid Stefan Number St

" 1
0 ol 03

F1G. 4. Solidification time as a function of the liquid Stefan
number (v = 1, St, = 0.3). The curves labeled by numbers 1-7
correspond to the following solutions : 1, one-phase Neumann
solution; 2, Weinbaum-Jiji solution; 3, present model
equation (38); 4, present model equation (39); 5, Cho-
Sunderland solution with the trigonometric profile; 6, two-
phase Neumann solution ; 7, Cho~Sunderland solution with
the parabolic profile.

Weinbaum and Jiji. When vSt, >» St, the term involving
v128¢32 in A,(7) represents the main correction
to the leading term and cannot be ignored. This is the
case when the two-phase and one-phase Neumann
solutions, as well as the Cho-Sunderland model
converge. The numerical coefficient of the correction
term proportional to v!/2§t3? in our model is not
accurate enough leading to an error of the order 29} in
the solidification time for St; = 0.

One of the main results of the present work is the
simple expression derived for the solidification time as
given by equation (39). This expression can be useful for
practical estimates of the process in finite systems which
were studied so far using the two-phase and one-phase
Neumann solutions [18, 19].
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SOLIDIFICATION D’'UNE COUCHE FINIE ET INITIALEMENT SURCHAUFFEE

Résumé—Une théorie approchée de la solidification d’une plaque finie, initialement surchauffée est

développée pour des petits nombres de Stefan. Une paroi de la plaque est isolée et 'autre est soumise 4 une

baisse brutale de température au dessous du point de solidification. Cette approche combine la méthode du

bilan intégral et la théorie de perturbation variable dans le temps. Elle prédit quantitativement les déviations

du process considéré par rapport a la solidification sans surchauffe. Des expressions simples pour le temps de

solidification sont obtenues. La précision du modéle est examinée par comparaison avec différentes solutions
asympotiques.
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VERFESTIGUNG IN EINEM ENDLICHEN, ANFANGS UBERHITZTEN SPALT

Zusammenfassung—Fir die Verfestigung in einem endlichen, anfangs aberhitzten Spalt wird fur kleine
Stefanzahlen eine Theorie entwickelt. Eine Wand des Spaltes wird als isoliert angenommen, die andere wird
einer sprunghaften Temperaturabsenkung bis unter den Gefrierpunkt unterworfen. Unser Verfahren
kombiniert die Warmebilanz-Integral-Methode und die zeitabhingige Strtheorie. Die daraus resultierende
Losung ist liber die gesamte Zeit giiltig. Es berechnet quantitativ die Abweichung des hier betrachteten
Prozesses von der Verfestigung ohne Uberhitzung. Einfache Ausdriicke fiir die Verfestigungszeit werden
hergeleitet. Die Genauigkeit des vorgestellten Modells wird durch Vergleiche mit verschiedenen
asymptotischen Losungen untersucht.

3ATBEPJIEBAHUWE TEPBOHAYA/IbHO NEPETPETON OT'PAHUUYEHHOW MJIACTUHbI

Annorammsa— /18 mazeix ynuce Ctedana pa3sBuTa NpuOIIMKCHHAS TCOPHS 3ATBEPICBAHNS Of PAHHYEH-
HO# TIACTHHBI, HAXOASLLUEHCS MEPBOHAYAILHO B NeperpeTom cocTosHun. OHa NOBEPXHOCTDH IJIACTHHBI
TEMIOH30/IMPOBAHA, APYrasi MTHOBEHHO OX1aXKAAeTCst 4O TEMIEPATYPhl HIKE TOUKM KPUCTALTH3AIMH.
IMpuHATBIA MOAXOA COYETAET MHTErPAILHBIA METO, OCHOBAHHBI Ha DanaHce YHEPTUHM H TEOPHIO BO3MY-
LICHUH, YYMTBHIBAIOLIYK) 3aBUCHMMOCTL OT BpeMeny. [losyueHHoe pellleHHe KOPPEeKTHO LA 1060ro
MOMEHTa BpeMeHH. TeopHs NMOKasbiBaeT. MTO MCCIACAYEMBIH MPOLECC KOJHYECTBEHHO OTIIMMACTCH O1
npoueccd 3aTBePAEBAHMS, paccMaTpuBaeMoro Oe3 yueTa neperpeBa BewlecTBa. [1oiydeHbl NPOCTbIE
COOTHOIHEHHS /I BPEMEHH 3aTBEPIACBAHUA MUIACTHHBL. TOYHOCTDH JAAHHON MOIEIH HCCIICAYETCS 1yTCM
€€ CPABHEHUA C PA3JIMYHBIMH ACHMITTOTHYECKUMH PEIICHUIMHU.



